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Yukawa-like theory for arbitrary values of the critical exponent and the space-time 
dimension. 



a. Introduction. The Horava-Lifshitz ft 



o 

^ | metry between time and space coordinates 

■^f ■ context of the search for the perturbatively consistent gravity theory. The main advantage 

(N. 

of this concept consists in the fact that, from one side, it improves the renormalizability 



L) methodology based on the essential asym- 
l| has been originally introduced within the 



of the field theory models, and, from another side, it avoids arising of the ghosts whose 
presence is characteristic for the theories with higher time derivatives [2j. Therefore this 
concept (or, more generally, the concept of the time-space asymmetry) began to be applied 



not only within studies of gravity but also for the consideration of other (f.e. scalar and 
vector) field theory models, 
^sf \ One line of studies of the theories with the time-space asymmetry is devoted to investi- 

gation of their renormalizability and renormalization. Within this context, the HL versions 
^! of the gauge field theories [3*], scalar field theories j^], four-fermion theory [5] and CP^ -1 

model [6| were considered. Another important result in this context is the generalization of 



the Ward identities for the HL-like theories |7j. 
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Another line of the studies of the HL-like theories is devoted to the effective potential 

nn 

in such theories. In the papers |8Hl 1| the one-loop effective potential for the scalar field 
theories with different forms of self-coupling and arbitrary values of z, for the scalar QED 
with 2 = 2 and z = 3, and for the Yukawa model with z = 2 and z = 3 has been obtained. 
However, the interesting problem is the calculation of the (one-loop) effective potential in 
the scalar QED and Yukawa model with an arbitrary value of the critical exponent. This 
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problem is considered in the paper. 

b. Scalar QED. The Lagrangian of the scalar QED with an arbitrary z is 

L = ^F 0i F 0i + (-ly-FyA*-^ - D 0< j>{D (j>y + D h D h . . . D iz <f>(D h D i2 . . . D^f. (1) 

where D = do — ieA , Di = di — ieAi is a gauge covariant derivative. For the sake of the 
simplicity, we suggest that there is no self-coupling of the matter field, the theory is massless, 
and the critical exponents for scalar and gauge fields are the same (the generalization for 
the case of their difference is straightforward, as well as for the case of the massive theory). 
The propagator for the scalar field has the simplest form 

< <P<P* >= (2) 

P - k 2z 

To find the propagator of the gauge field, we must introduce the gauge-fixing term. The 
general form of the gauge-fixing term implies in arising of the complicated matrix propagator 
mixing the A and Ai fields. To simplify the consideration, we must choose the gauge-fixing 
term allowing for the separation of the quadratic Lagrangians of these fields. 

10 . ~y\ . the appropriate gauge-fixing term is nonlocal: 



In the exact analogy with 



L 9f = \(~ l ) Z [(-l) z &- {z - 1)/2 d A + dS'-WdiA^ 2 . (3) 

This gauge-fixing term at z — 1 reduces to the usual, Feynman one. Adding this gauge-fixing 
term to the Lagrangian (JTJ), we obtain the following complete quadratic Lagrangian of the 
gauge field: 

L c = \a»[A - p|j^o " \M9 2 o + (-A)I^. (4) 

So, we succeeded to separate the quadratic actions for the A and Ai fields. The correspond- 
ing propagators have rather simple forms: 

<A A > = 



U2 _ h.2z 



< A - A > > = - (5) 

Let us briefly discuss the renormalizability of the theory ([1]). It is well known that the 
field theory model is renormalizable if the mass dimensions of all couplings in it are non- 
negative. Since the dimensions of the derivatives di and do within the HL formalism are 1 
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and z respectively, one finds that in the d- dimensional space, the dimension of A is — 1, 
and of Ai is Therefore the dimension of the coupling e is + 1. As a result, we find 
that the scalar QED with an arbitrary z is (super)renormalizable in a d- dimensional space 
if z > d — 2. The usual (3 + l)-dimensional QED, with z — 1 and d = 3, is a perfect example 
of the renormalizable case. If we increase the value of z, the renormalization properties of a 
theory improve. The detailed discussion of renormalizability of the HL-like theories can be 
found in [3j. 

By the common definition [12I fl3j ]. the effective action is defined as a generating 
functional of one-particle-irreducible Green functions. It is obtained from the expression 

e*rm = f Dv jS\*+% Ph (6) 



where $ is a set of background fields, and <p is a set of the quantum fields, and the subscript 
1PI reflects the fact that only one-particle-irreducible contributions are taken into account. 
In the theories involving fields of different natures, in particular, those ones we consider in 
this paper, the effective potential depends only on the background matter fields, while the 
gauge fields (and, in other theories, fields of other natures) are purely quantum ones, and 



12| 



the derivatives of the background fields are put to zero 

Then, in the one-loop approximation one must take into account only the vertices asso- 
ciated to two quantum fields (the vertices involving more quantum fields are relevant only 



in higher loop orders). After "rational 
to just one of the quantum fields, cf. 



ization" of their form (that is, moving all derivatives 



11|). the relevant vetices look like 



-e 2 A A $<5>*; -ie($*(f> - $0*)dbA), 

-ie[^4>* - &*<f)](d j A z ~ 1 A j ), -e^jA^A^*. (7) 

Here $ and $* are the background fields, and <p, <fi* are quantum ones. We note that the 
methodology of calculation in the case of an arbitrary z does not essentially differ from the 



cases z = 2 and z = 3 (see 
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UK). 

As it is usual in different scalar-gauge theories, independently of their nature (see f.e. 
[l^|). there are two possible types of contributions to the one- loop effective potential. In the 
first of them, depicted at Fig.l, all diagrams represent themselves as a cycles of the gauge 
propagators only. The total result of all such diagrams is a sum of two contributions to 
the effective potential - the first one, U a , is given by sum of loops composed of < A A > 



4 



propagators, and the second one, C/j, - by the sum of loop composed of < A^Aj > propagators: 

r d d kdk /2e 2 $$*k 2z - 2 y _ f d d kdk 2e 2 ^*k 2z ~ 2 

~ ~h™' k 2_p z ) - J n[1 ^ ' kjzp* J; 



oo 



^d f d d kdk (2e 2 ^*k 2z - 2 \n , f d d kdk , . 2e 2 $$*£; 2 *- 2 1 



To carry out the sum, we have used the identity Yl ~ = ~~ l n (l ~~ a )- 

71=1 " 






FIG. 1: Contributions involving gauge propagators only. 

In the second type of diagrams, the matter propagators and triple vertices are present. 
To proceed with the calculations, we should first introduce a "dressed" propagator of the 
gauge field, see Fig. 2. 



FIG. 2: "Dressed" propagator of the gauge field. 

In this propagator, the summation over all quartic vertices is performed. As a result, 
these "dressed" propagators are equal to 

< A A > D = < A A > V [2ie 2 $<S>* < A A >} n = ^— ? ^ ; 

k 2 -k^-2e 2 k 2z ~ 2 ^* 

< AiAj > D = y [2e 2 k 2z - 2 n = i_6^ 

k 2 -k 2z ^ k 2 -k 2z k 2 -k 2z -2e 2 k 2z - 2 » 

The corresponding contribution to the effective potential can be obtained through the 
summation over all possible one-loop Feynman diagrams representing themselves as cycles 
of all numbers of links, with each link composed by the product of < 00 > and " dressed" 
< A A > D (or < AiAj > D ) propagators. Such diagrams are depicted at Fig. 3. 
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FIG. 3: Contributions involving both gauge and matter propagators. 

Using the "rationalized" form of the triple vertices (j7|) implies in the need to consider the 
objects 



Gi = < <9oAo(ti,£i)<9oAo(t 2 ,£2) >d; 

G 2 = <9 i A*-M i (ti,f 1 )a i A*-M i (t 2 ,x 2 ) > D , 



(10) 



whose Fourier transforms are 

G 2 (k) 



•ppz-2 



k 2 - k 2z - 2e 2 k 2z - 2 $$* 



ik 



4z-2 



k 2 - k 2z - 2e 2 k 2z - 2 $$* 



(11) 



Then, since the effective propagators G\ and G 2 enter the diagrams above on the same base, 
the total contribution must be symmetric under replacement G\ -H- G%. Hence, the total 
contribution from these graphs is 

d d kdk 



Ei/^(-W 1+G2 )<#->)", 



(12) 



which yields 



E 



d d kdkn 



fnj (27r) d+1 
Carrying out the sum, we arrive at 



2e 2 $$*k 



*V.2z-2 



k 2 - k 2z - 2e 2 k 2z - 2 <5><5>* 



(13) 



Ur 



d d kdk , . 2e 2 <S>$*k 
(2^m ln[1 ^ 



* U2z-2 



U2 _ t,2z 



(14) 



So, the U c completely cancels the U a , cf. (jSj). It is worth to mention that the cancellation 
between some contributions is common for the one-loop calculations of the effective potential, 
sec HQ . So, the effective potential is completely described by Uj,. Carrying out the Wick 
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rotation and adding the irrelevant field-independent constant factor id J (2^+1 Ml + p], 
we find that the effective potential looks like 

TT{1) .. f d d kdk 0E P* + 2e 2 ^*k^-\ 

U = ld ] -J2^ HI + kl 1" (15) 



1 

in [lfj, afte 



Performing the integral along the same lines as in [lfj, after returning to the Minkowski 
space we arrive at 

d-i p| d+z \-pf d+z-l 

r-i\ dlT 2 d+z \ 2 I \ 2 ; 

This expression can be verified to reduce to that one obtained in [ll| for the z — 2. So, the 
procedure of the calculations does not essentially differ from that case. 

Let us also discuss the physical consequences of this potential. First of all, it can be 
rewritten as 

[/« = - C (2e 2 $$*)^r(-^), (17) 



d-i r, 2 



d+z-l 



where c = ^ 2 w) d / \ ^ s a P os itive constant. There are two characteristic cases. 



r| I 



(i) We have d+z = 2n (i.e. either both z and d are odd, as in the usual (3 + l)-dimensional 
QED, or both z and d are even). In this case the effective potential displays divergences: if 
we carry out dimensional regularization supposing that d + z = 2n — e and take into account 
that r(— n + f ) = (7 + 7 + + 0(e)), where X n is a some positive number, we obtain 

£/ (1) = { -^^c(2e^r(- + 7 + A„ - In ^^). (18) 

This expression, after subtracting of the divergence with a corresponding counterterm, 

changes the sign depending on n. Therefore, for the odd n the effective potential displays 

the minimum at $ = 0, and for the even n — at some non-zero $. It is easy to see that in 

the last case the Z 2 symmetry is broken, thus, the one- loop correction induces the 

I I 

spontaneous symmetry breaking as in [1 31 ] . 

(ii) We have d+ z — 2n + 1. In this case we have 

= _ c (2 e 2$$*) n+ ^rf-^^y (19) 



and, since T( 2~) = — (2n+i)!! > one nnc ls that for the even n, the effective potential 

has a minimum at $ = 0, and there is no symmetry breaking, and for the odd n, the effective 
potential is negative and dispays a maximum at $ = 0, and the theory is unstable. 
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c. Yukawa theory. Then, let us formulate the Yukawa theory. It is natural to consider 
now the arbitrary z version of the spinor field theory, so, the (d + l)-dimensional Lagrangian 
for the theory looks like 

L = $(ij°d + (ij%) z + m)il). (20) 

To study the one-loop effective potential, it is sufficient to treat the scalar field as a purely 
external one, and to put the spinor field to be massless since its nontrivial mass implies 
only in the redefinition of the $ field. In this case the loop expansion is closed with the 
one-loop contribution, and no restriction of the renormalizability of the theory related to the 
dimension of the coupling h emerges. However, if we suggest that the $ is also dynamical, 
with the same critical exponent z as the ip, that is, is free Lagrangian is the same as in the 
theory (JTJ), the mass dimension of h turns out to be equal to ^p^. Thus, if one has z > I, 
the theory is renormalizable - in particular, it is just the case of the usual, z = 1 Yukawa 
model in (3 + l)-dimensional space. 

The one- loop effective potential corresponding to the Lagrangian (|20p . looks like 

[/(!) = -^Tr ln(i 7 <9o + (17*9*)* + h$). (21) 

We have two possibilities. In the first of them, the z is even, so, {ifdif = (-A) z / 2 , and, 



following the lines of llj . we find that the following effective potential is 

5 f d d kdk n . \k 2 - {{P) z / 2 + M>) 2 i 



(1)= u_ , ur^o j 

2 J (2n) d + 1 



Doing the Wick rotation and integrating over fc , we arrive at 

Um = J 2iwf m ' 2 + m - <23) 
This integral, for any positive d = 3 — e, vanishes within the dimensional regularization 
being proportional to r ^_\_ e ^ which is zero as e — > 0. Thus, the effective potential in the 
Yukawa-like theory vanishes for any even z. 

The second possibility is the case of the odd z, z = 21 + 1 so, {i^ l di) z = (—A) l iydi. In 
this case we have 

[/« = - t Ti ln(i7°<9 + i(-A)y<9; + h$). (24) 
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If h$> = M, we can write 

dU^ 1 , r dk d d k 1 

dM ~ l r i 7 9 + i(-A) i 7^ + M " ~ l J (2ix) d + l 7% + Wh% + M ' ^ 

Calculating the trace, after the Wick rotation we have 

dv^ ,, r r dk d d k i i r r d d k i 



ciM y (27r) fl! + 1 A; 2 + (jfe2)2i+i + m 2 2 y (2vr) d [(jfc 2 ) 2 ^ 1 + M 2 ] 1 / 2 ' 

This expression can be evaluated in the same way as in the scalar theory. First, we integrate 
over momenta: 

= -5 rf irf h-)M2i+T, (27) 

(27r) d (2/ + 1) r(d/2) Ul + 2J \ 41 + 2 2 J ' 1 ; 

Finally, we integrate over M and, restoring the expression for the background field, arrive 
at the following expression for the effective potential: 

(2vr) rf (rf + 2/ + l)r(rf/2) V4/ + 27 V2 L 2/ + lV l ' [6) 

We see that this effective potential is finite while ^b; 7^ 2/c + 1, with A; is a some integer 
number. So, just as in the previous case, we have two situations. 

(i) One has ^-j- ^ 2k + 1. In this case, the effective potential is finite, and its sign 
depends on the sign of the r^|[l — 2/+1])' wmcn can be positive or negative for different 
values of d and I. If the effective potential is positive, there is no spontaneous symmetry 
breaking, even if we introduce the classical self-coupling of the scalar field of the form A$ 2n , 
with A > 0. However, if the effective potential is negative, the theory is unstable if we have 
no classical self-coupling of the scalar field, and we can have spontaneous breaking of the Z2 
symmetry if such a self-coupling is present since in this case the one-loop corrected effective 
potential evidently possesses nontrivial minima at $ ^ 0. 

(ii) One has ^7 = 2k + 1 + 2e, at e — > 0+. In this case the gamma function displays the 
poles which change the sign dependently on the parity of the k number, that is, r(— k + e), 
at e > 0, is positive for the even k and negative at the odd k, and the effective potential 
is equal to — aT(— k — e )$ 2fe + 2 + 2e ) with a is a positive number. Expanding this expression 
in power series around e = 0, we find that the effective potential is proportional to (— l) fc , 
hence it has minima at $ = for the even k, and minima at some other $ = $0 for the odd 
k. In other words, the situation is rather similar to the case of the scalar QED, taking into 
account the fact the different statistics of the quantum fields. 
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d. Conclusion. We studied the one-loop effective potential for two HL-like theories 
with the arbitrary values of the critical exponent: first, the scalar QED, and second, the 
Yukawa theory, where the one-loop effective potential was shown to vanish for the even z, 
being nontrivial for the odd values of z. In certain cases, the effective potential is one-loop 
finite in both theories. In principle, we can also introduce the coupling between the gauge 
and spinor fields, which, however, will start to contribute to the effective potential only at the 
two-loop order. One can observe that the methodology for calculating the effective potential 
does not essentially differ from that one in the usual, Lorentz invariant field theories. We 
emphasize that we succeeded to find the one-loop effective potential for the theories with an 
arbitrary critical exponent despite the fact that the classical action of the HL-like QED with 
an arbitrary critical exponent is in general extremely complicated and involves an unlimited 
number of terms. Also, we showed that in certain cases (that is, the models with a nontrivial 
the self-coupling of the scalar field, or the situations when the effective potential requires a 
renormalization) the effective potential can generate a spontaneous Z2 symmetry breaking. 
We note that, for the case of the QED, these results can be straightforwardly generalized 
for the U(N) multiplets of arbitrary number scalar fields, so, we can observe a dynamical 
U(N) symmetry breaking in Horava-Lifshitz-like theories. 
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